In this paper, using a multistep iterative scheme, we establish strong and -convergence theorems for finite families of total asymptotically quasi-nonexpansive mappings in uniformly convex hyperbolic spaces. We then establish -and polar convergence theorems for finite families of total asymptotically nonexpansive mappings in CAT(0) spaces. These new theorems are extensions, improvements, and generalizations of some recently announced results by many authors.
Introduction
Let (X, d) be a metric space, x, y ∈ X, and d(x, y) = l. A geodesic path from x to y is an This is obtainable by using the triangle inequality, and it is unique up to isometry on R  .
A geodesic segment joining two points x, y in a geodesic space X is represented by [x, y] . 
The class of hyperbolic spaces include the normed spaces, CAT() spaces, and some others. The following is an example of a hyperbolic space that is not a normed space. It is then clear that the class of hyperbolic spaces is more general than the class of normed spaces.
Definition . Let (X, d) be a hyperbolic metric space. Then X is called uniformly convex if for all a ∈ X, r > , and > ,
for all x ∈ X and p ∈ F(T). The class of quasi-nonexpansive mappings properly contains the class of nonexpansive mappings with fixed points; see, for example, [] .
A mapping T is called asymptotically nonexpansive [] if there exists a sequence {k n } ⊂ [, ∞) such that k n →  as n → ∞ and, for every n ∈ N,
If F(T) = ∅ and there exists a sequence {k n } ⊂ [, ∞) such that k n →  as n → ∞ and, for n ∈ N,
then T is called an asymptotically quasi-nonexpansive mapping. A mapping T is called total asymptotically nonexpansive if there exist infinitesimal real sequences {u n } and {v n } of nonnegative numbers (i.e., u n , v n →  as n → ∞) and a strictly increasing function
A mapping T is total asymptotically quasi-nonexpansive if F(T) = ∅ and there exist infinitesimal real sequences {u n } and {v n } and a strictly increasing function ψ : A mapping T is said to be demiclosed at zero if for any sequence {x n } in X such that x n x and d(x n , Tx n ) →  as n → ∞, we have Tx = x. Let K be a nonempty subset of a metric space X, and let {x n } be any bounded sequence in K . For x ∈ X, define r(x, {x n }) := lim sup n→∞ d(x n , x). The asymptotic radius of the se-
The set of all asymptotic centers of the sequence {x n } in K is denoted by A(K, {x n }). The asymptotic radius and asymptotic center of the sequence {x n } with respect to the whole space are denoted by r({x n }) and A({x n }), respectively. It is known that r({x n }) =  if and only if lim n→∞ x n = x.
A sequence {x n } in X is said to be -convergent to a point x if x is the unique asymptotic center of {u n } for every subsequence {u n } of {x n }. This is written as -lim n→∞ x n = x. A sequence {x n } is said to polar converge to a point x ∈ X (see [] ) if for every y ∈ X such that y = x, there exists N y ∈ N such that d(x n , x) < d(x n , y) for all n ≥ N y . A sequence {x n } is said to converge -strongly to a point x if the limit lim n→∞ d(x n , x) exists and for any
The notion of polar convergence was introduced by Devillanova et al. [] . They discussed various relations between polar convergence and -convergence in metric spaces. By definition, if {x n } -converges strongly to x, then the limit
. This implies that x is an asymptotic center of {x n k }, and hence {x n } -converges to x.
Chang et al. [] established relations between the weak convergence and -convergence in their attempt to establish the demiclosedness principle for total asymptotically nonexpansive mappings.
Recently, new fixed point results were studied by many authors in the setting of hyperbolic and CAT() metric spaces; see, for example, [, , , -], and the references therein.
In [] proved strong and -convergence theorems for total asymptotically nonexpansive mappings in CAT() spaces. They also established the demiclosedness principle for this class of maps in a CAT() space.
In , Markov [] (see also Kakutani [] ) showed that if a commuting family of bounded linear transformations T α , α ∈ ( an arbitrary index set), of a locally convex Hausdorrf space E into itself leaves some nonempty compact convex subset K of E invariant, then the family has at least one common fixed point in the set K .
Chidume and the author [] introduced the scheme
and studied the convergence of this scheme to a common fixed point of finite family of nonself-asymptotically nonexpansive mappings in a uniformly convex Banach space.
Our purpose in this paper to prove necessary and sufficient conditions for the strong convergence of the scheme defined by (.) to a common fixed point of finite family T  , T  , . . . , T m of total asymptotically quasi-nonexpansive mappings in a complete hyperbolic space. We also prove -convergence and polar convergence theorems for finite family of uniformly L-Lipschitzian total asymptotically nonexpansive mappings in a CAT() space. Our results generalized and improved some recent important results announced.
Preliminaries
In what follows, we shall use the following results.
Theorem . ([]) Let K be a closed and convex subset of a complete CAT() space X, and T : K → X be a uniformly L-Lipschitzian and total asymptotically nonexpansive mapping.
Let {x n } be a bounded sequence in K such that x n x and lim n→∞ d(x n , Tx n ) = . Then x = Tx.
Lemma . ([]) Let E be a complete CAT() space, {x n } be a bounded sequence in E with
A({x n }) = {p}, and {u n } be a subsequence of {x n } with A({u n }) = {u}. If the sequence {d(x n , u)} converges, then p = u. 
Lemma . ([]) Every bounded sequence in a complete CAT() space has aconvergent subsequence.

Lemma . ([])
Let {λ n } and {σ n } be sequences of nonnegative real numbers such that λ n+ ≤ λ n + σ n for all n ≥  and ∞ n= σ n < ∞. Then lim n→∞ λ n exists. Moreover, if there exists a subsequence {λ n j } of {λ n } such that λ n j →  as j → ∞, then λ n →  as n → ∞.
Main results
In this section, we state and prove the main results of this paper. In the sequel, we denote the set {, , . . . , m} by I, and we always assume that F := 
For m = , we have
Hence, {x n } is bounded, and using (.), Lemma ., and similar arguments as before, we get that the limits lim n→∞ d(x n , x * ) and lim n→∞ d(x n , F) exist. This completes the proof. 
and so {x n } is Cauchy. Let lim n→∞ x n = b. We need to show that b ∈ F.
. Thus, we have the following estimates for n ≥ N and arbitrary T i ,
This implies that b ∈ Fix(T i ) for all i = , , . . . , m, and thus b ∈ F. This completes the proof. 
Proof Since for some x * ∈ F, the limit lim n→∞ d(x n , x * ) exists by Lemma ., let
, and (.) we obtain the following relation by taking the limit superior through the inequalities:
This implies that for 
l. From this and from lim n→∞ d(x n , x * ) = l, using Lemma ., we have
Consider the following:
Since T h is uniformly continuous and Proof Let W ({x n }) := {u n }⊂{x n } A({u n }). We now show that W ({x n }) ⊂ F and also that W ({x n }) consists only of a single point. Now let u ∈ W ({x n }). Then there exists a subsequence say {u n } of {x n } such that A({u n }) = {u}. By Lemma . there exists a convergence subsequence {v n } of {u n } such that -lim v n = v for some v ∈ K . But lim n→∞ d(v n , T i v n ) =  for each i ∈ {, , , . . . , m}. By the demiclosedness property of each T i we have v ∈ F. Since the limit lim n→∞ d(v n , v) exists, u = v ∈ F, and this implies W ({x n }) ⊂ F. Next, we show that W ({x n }) is singletone. Let {u n } be a subsequence of {x n } such that A({u n }) = {u}, and let A({x n }) = {x}. Since u ∈ W ({x n }) ⊂ F, the limit lim n→∞ d(x n , u) exists, by Lemma ., x = u, and so W ({x n }) is singletone, which implies that {x n } -converges to an element of F.
Next, we present -and polar convergence theorems for finite families of total asymptotically nonexpansive mappings in the framework of a complete CAT() space. This next result is a corollary of the previous Lemma ., but we shall present them using a different method of proof. Proof Since {x n } is bounded, for some x * ∈ F, there exist positive real numbers γ and M with d  (x n , x * ) ≤ γ for all n ≥ , and by using Lemma ., the recursion formula (.), we 
